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Abstract: The effective action on long strings, such as confining strings in pure
Yang-Mills theories, is well-approximated by the Nambu-Goto action, but this action
cannot be exact. The leading possible corrections to this action (in a long string
expansion in the static gauge), allowed by Lorentz invariance, were recently identified,
both for closed strings and for open strings. In this paper we compute explicitly in
a Hamiltonian formalism the leading corrections to the lowest-lying Nambu-Goto
energy levels in both cases, and verify that they are consistent with the previously
computed effective string partition functions. For open strings of length R the leading
correction is of order 1/R4, for excited closed strings of length R in D > 3 space-time
dimensions it is of order 1/R5, while for the ground state of the closed string in any
dimension it is of order 1/R7. We attempt to match our closed string corrections to
lattice results, but the latter are still mostly outside the range of convergence of the
1/R expansion that we use.
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1. Introduction
Many field theories in D ≥ 3 space-time dimensions contain stable string-like exci-
tations. These include confining strings in Yang-Mills theories with no fundamental
flavors, Abrikosov-Nielsen-Olesen strings in the Abelian Higgs model, domain walls
in 2+1 dimensional field theories, and so on. These strings have massless bosons on
their worldsheet which are Nambu-Goldstone bosons of the translation symmetries
broken by the string, and in the absence of other symmetries these are expected to be
the only massless fields on the worldsheet. When the field theory has a mass gap, one
can thus write down a low-energy effective action for the field theory in the presence
of a long string, that includes only the massless bosons on the string worldsheet; this
effective action should be valid until the energy scale of any additional degrees of
freedom (on the worldsheet or in the “bulk” of space-time).
The effective action should be invariant under diffeomorphisms (reparameteriza-
tions of the string worldsheet) and under Lorentz transformations (some of which are
spontaneously broken by the long string). The simplest such action is the Nambu-
Goto (NG) action, which in Euclidean space is just the string tension times the area
of the worldsheet the string sweeps. Lattice simulations of SU (N) Yang-Mills theo-
ries in 2+1 and 3+1 dimensions show that the flux-tube excitations have an energy
spectrum close to that of NG, which suggests that the effective action for the string
can be written as the NG action with small correction terms.
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In this paper we consider long strings obeying R≫ 1/√T , where R is the string
length and T is its tension. For an open string, we force it to be long by taking it
to end on two objects separated by a distance R (for a confining string these can
be two external quarks), while for a closed string we assume that one of the space-
time coordinates is a circle of circumference R, and we wrap the string around this
coordinate once. We consider small excitations around straight strings, and without
loss of generality we assume that the string stretches mostly along the X1 direction.
It is then convenient [1, 2] to use the static gauge for the worldsheet coordinates,
σ0 = X0, σ1 = X1, in which the degrees of freedom of the effective action are simply
the transverse positions of the string, X i(σ0, σ1) for i = 2, · · · , D−1. The low-energy
effective action is a derivative expansion on the worldsheet. For closed strings, the
lowest terms in this expansion which are allowed by the manifest SO(1, 1)×SO(D−2)
symmetry are:
SE = SFree + S2 + S3 + S4, (1.1)
with
SFree ≡ −
∫
d2σ
1
2
∂αXi∂
αX i,
S2 ≡ −c2
4
∫
d2σ
(
∂αXi∂
αX i
)2
, (1.2)
S3 ≡ −c3
4
∫
d2σ∂αXi∂βX
i∂αXj∂
βXj,
S4 ≡ −c4
∫
d2σ∂α∂βXi∂
α∂βX i∂γXj∂
γXj.
We use a Minkowski metric on the worldsheet with signature (−,+), α, β, γ go over
the worldsheet indices, and i, j are space-time indices running over {2, · · · , D − 1}.
We didn’t include in the action terms which are proportional to the equations of
motion as they can be removed by field redefinitions and thus they do not contribute
to the energies; the minus signs in (1.2) are for consistency with our references.
Note that we can regard the derivative expansion as an expansion in a dimensionless
parameter 1/TR2 ≪ 1. In (1.2) we included only a single six-derivative term; there
are also other terms at the same order in the derivative expansion, but this term is
the most interesting one for reasons we will now explain.
While naively the coefficients ci should be generic, it was shown in [1, 2, 3] that
some of them are constrained by the Lorentz-invariance of the field theory. This
can be checked, for instance, by using open-closed-channel duality and assuming
Lorentz-invariant propagation in the closed channel. It was argued in [1, 2] that this
requires 2c2 = −c3 and c3 = −1/T , as one finds in the Nambu-Goto action, and that
for D > 3 at six-derivative order the c4 term in (1.2) is the only allowed deviation
from the Nambu-Goto action. For D = 3 the leading allowed deviations from the
Nambu-Goto action arise at eight-derivative order [2].
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A similar analysis for open strings was recently performed in [4]; it was already
shown in [1] that no two-derivative boundary terms are allowed, and [4] showed that
(assuming Dirichlet boundary conditions X i = 0 for the transverse coordinates) there
is a single allowed boundary term at four-derivative order, of the form (assuming the
boundaries are at constant X1)
S ′2 = b2
∫
boundaries
dσ0 ∂0∂1X
i∂0∂1X
i, (1.3)
for an arbitrary coefficient b2.
In previous work on this subject the general form of the action was analyzed, but
corrections to specific energy levels, which are measured (say) in lattice simulations of
pure Yang-Mills theories, were not presented. More precisely, the partition functions
of the effective string theory on the annulus and on the torus were computed, and
this includes (in the derivative expansion) some information about the energy levels,
but it only include the sum of the energies of all states that are degenerate in the
free theory SFree, and not corrections to individual energy levels. In this work we
calculate directly the leading corrections (compared to Nambu-Goto) to the low-lying
energy levels of closed and open strings, coming from the c4 and b2 terms above. We
start in section 2 by discussing the open string case, where we first work with the
action SFree+S2+S3 with arbitrary coefficients in-order to present our methods and
compare the results with the computations of [1], which also computed the energy
levels of this action by a different method. We then discuss the leading corrections
to Nambu-Goto which are allowed, and verify their consistency by comparing with
the known partition function on the annulus. In section 3 we describe the closed
string case, computing the corrections coming from the c4 term and verifying their
consistency with the annulus and torus partition functions. We end in section 4 with
a discussion of the extent to which our results can be compared to recent lattice
results for 3+ 1 dimensional gauge theories [5, 6], showing some deviations from the
Nambu-Goto energy levels.
2. Open string energy levels
We will use a Hamiltonian approach to compute the corrections to the energy lev-
els, using a specific prescription for normal ordering and regularization of diverging
sums. To verify the consistency of our prescription, we begin in section 2.1 by taking
arbitrary coefficients for the first two interaction terms in the effective action, S2,3 ;
we then successfully compare our results to the ones computed in [1]. In sections
2.2 and 2.3 we compute the leading corrections to NG energy levels coming from the
bulk (c4) and boundary (b2) terms, respectively, that are allowed to appear in the
effective action.
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2.1 The c2,3 terms
We consider a strip-like string worldsheet σ0 ⊂ [−∞,∞], σ1 ⊂ [0, R], with Dirichlet
boundary conditions X i = 0 for the transverse coordinates at its ends, appropriate
for a quark-anti-quark flux tube connecting external quarks. Note that we normalize
the transverse scalars X i to be dimensionless, so the actual space-time distances are
X i/
√
T . The general bulk action before imposing the space-time Lorentz-invariance
constraints, up to four-derivative order (or O (1/R3) corrections to energy levels), is :
L = −1
2
∂αX · ∂αX − c2
4
(∂αX · ∂αX)2 − c3
4
(∂αX · ∂βX)2 , (2.1)
where the dot product indicates a summation over the transverse directions. The
conjugate momentum to X i is
Πi =
δL
δ (∂0Xi)
= ∂0X
i + c2 (∂βX)
2 ∂0X
i + c3∂βX
i
(
∂0X
j∂βXj
)
, (2.2)
and the Hamiltonian H = ∫ dσ1∂0X iΠi − L can be written by inverting (2.2) :
H = HFree +H2 +H3 +O
(
1
R5
)
, (2.3)
with
HFree = 1
2
∫
dσ1
(
Π2 + (∂1X)
2) ,
H2 = c2
4
∫
dσ1
[
(Π · Π)2 + (∂1X · ∂1X)2 − 2 (Π · Π) (∂1X · ∂1X)
]
, (2.4)
H3 = c3
4
∫
dσ1
[
(Π · Π)2 + (∂1X · ∂1X)2 − 2 (Π · ∂1X)2
]
.
To calculate the energy levels we consider H2,3 as a perturbation to the free
Hamiltonian. We perform a Fourier expansion of the fields and their conjugate
momenta at some given time (say σ0 = 0),
X i(σ1) =
1√
pi
∑
n 6=0
1
n
αin sin
(pinσ1
R
)
, (2.5)
Πi(σ1) = −i
√
pi
R
∑
n 6=0
αin sin
(pinσ1
R
)
.
Note that while this expansion looks like an expansion of two independent operator-
sets, X(σ1) and Π(σ1), in terms of just one (αn), the coefficients in the expansion of
X are actually αn+α−n, while those in the expansion of Π are αn−α−n, so that the
two expansions involve independent operators. The canonical commutation relation
[X i(σ1),Π
j(σ′1)] = iδ
ijδ (σ1 − σ′1) implies that the modes satisfy the commutation
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relation [αin, α
j
m] = nδn,−mδ
ij. Plugging this mode expansion into our Hamiltonians
gives the free (unregularized) Hamiltonian :
HFree = 1
2
pi
R
∞∑
n=−∞
αinα
i
−n, (2.6)
and the perturbations (keeping the σ1 integration) :
H2,3 = c2,3
4
pi2
R4
∑
m,n,p,q 6=0
αimα
i
nα
j
pα
j
q
∫ R
0
dσ1
[
SnSmSpSq + CnCmCpCq + 2H
(2,3)
nmpq
]
,
(2.7)
where Sn ≡ sin(npiσ1/R), Cn ≡ cos(npiσ1/R), and we define H(2)nmpq = SnSmCpCq and
H
(3)
nmpq = SnCmSpCq.
The result of the σ1 integral is rather lengthy. However, in this section we will
only be interested in the first order in perturbation theory in the deformations H2,3.
At leading order in perturbation theory, only terms in the perturbation Hamiltonian
that relate degenerate energy levels of the free theory can contribute, which means
that it is enough to consider the terms in (2.7) that have n +m + p + q = 0 (note
that α−n increases the energy in the free theory by npi/R). Considering only these
zero-energy diagonal terms, which we denote Hd∗, we have :
Hd2 =
c2
4
pi2
R3
∑
m,n 6=0
αimα
i
nα
j
−mα
j
−n, (2.8)
Hd3 =
c3
4
pi2
2R3
∑
m,n 6=0
(
αimα
i
−mα
j
nα
j
−n + α
i
mα
i
nα
j
−mα
j
−n
)
.
Our discussion until now was classical and we ignored operator ordering issues,
but quantizing the theory leaves us with an ordering ambiguity in H. The prescrip-
tion we choose to deal with this is Weyl ordering – averaging over all orderings,
e.g. αnαm → (αnαm + αmαn) /2!, and similarly for four or more operators. Using
this prescription, and then normal ordering the resulting operators so that creation
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operators are to the right of annihilation operators, yields :
∑
m,n 6=0
αimα
i
nα
j
−mα
j
−n → (D − 2)
∞∑
n=1
n
∞∑
m=1
m+
(D − 2)2
2
∞∑
n=1
n2 +
(D − 2)
2
∞∑
n=1
n2 +
∞∑
n=1
(
4
∞∑
m=1
m+ 2n (D − 2) + 2n
)
αi−nα
i
n + (2.9)
2
∞∑
m,n=1
(
αi−mα
i
−nα
j
mα
j
n + α
i
−mα
j
−nα
i
mα
j
n
)
,
∑
m,n 6=0
αimα
i
−mα
j
nα
j
−n → (D − 2)2
∞∑
m,n=1
mn + (D − 2)
∞∑
n=1
n2 + 4
∞∑
m,n=1
αi−mα
j
−nα
i
mα
j
n +
∞∑
n=1
4
(
n+ (D − 2)
∞∑
m=1
m
)
αi−nα
i
n.
This contains several divergent sums, that we regularize with a zeta function regu-
larization :
∞∑
n=1
n = − 1
12
,
∞∑
n=1
n2 = 0,
∞∑
n=1
n3 =
1
120
,
∞∑
n=1
n4 = 0. (2.10)
We then obtain :
∑
m,n 6=0
αimα
i
nα
j
−mα
j
−n →
D − 2
122
+
∞∑
n=1
(
−1
3
+ 2n (D − 1)
)
αi−nα
i
n + (2.11)
2
∞∑
m,n=1
(
αi−mα
i
−nα
j
mα
j
n + α
i
−mα
j
−nα
i
mα
j
n
)
,
∑
m,n 6=0
αimα
i
−mα
j
nα
j
−n →
(D − 2)2
122
+ 4
∞∑
m,n=1
αi−mα
j
−nα
i
mα
j
n +
∞∑
n=1
4
(
n− D − 2
12
)
αi−nα
i
n.
The normal-ordered free Hamiltonian (2.6) now takes the form
HFree = pi
R
[
∞∑
n=1
αi−nα
i
n −
D − 2
24
]
. (2.12)
Plugging (2.11) into the perturbation Hamiltonians (2.8) gives us a regularized nor-
mal ordered form from which we can calculate the energy levels.
As in [1], we consider the O (1/R3) corrections to the lowest-lying energy levels
of the free theory, which can be decomposed into representations of SO(D− 2). We
annotate the low-lying states as follows :
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|n, i〉 O(D-2) multiplet Fock representation Degeneracy ωn,i
|0〉 Scalar |0〉 1
|1〉 Vector αk−1 |0〉 D − 2
|2, 1〉 Scalar αk−1αk−1 |0〉 1
|2, 2〉 Vector αk−2 |0〉 D − 2
|2, 3〉 Symmetric 2-tensor
(
αk−1α
l
−1 − δ
kl
D−2
αm−1α
m
−1
)
|0〉 1
2
D(D − 3)
|3, 2〉 Vector αk−3 |0〉 D − 2
,
where n is the usual level related to the energy of the free theory (2.13), and i is an
index going over the different states at each level.
We denote by E0n,i the energy levels up to O (1/R), arising from the free Hamil-
tonian, and by E1n,i the O (1/R
3) corrections arising from c2,3. By computing the ex-
pectation value 〈n, i|HFree +H2 +H3|n, i〉 we obtain the leading energy levels with
the Lu¨scher term,
E0n =
pi
R
[
n− D − 2
24
]
, (2.13)
and the corrections
|n, i〉 E1n,i
|0〉 pi2
(24)2R3
(D−2)
2
[2c2 + c3 (D − 1)]
|1〉 E10 + pi
2
24R3
[c2 (12D − 14) + c3 (5D + 7)]
|2, 1〉 E10 + pi
2
R3
[
(2c2 + c3)
11D+13
12
− 2c2
(
2− D−2
12
)]
|2, 2〉 E10 + pi
2
R3
[
(2c2 + c3)
11D+13
12
− 2c2
(
2− D−2
12
)]
|2, 3〉 E10 + pi
2
R3
[
(2c2 + c3)
5D+25
12
− 2c2
(
2− D−2
12
)]
|3, 2〉 E10 + pi
2
R3
[
3
(
D−2
12
− 3) c2 + 18 (17D + 19) (c3 + 2c2)]
These exactly coincide with the results presented in [1] for these states, confirming
that our regularization scheme is equivalent to theirs. As shown in [1, 2, 3] the
coefficients c2,3 are actually constrained by the Lorentz symmetry SO(1, D − 1) of
the underlying theory, which imposes c2 =
1
2T
, c3 = − 1T . This turns out to simplify
H2 +H3 considerably:
Hd2 +Hd3 = −
pi2
2TR3


(
∞∑
n=1
αi−nα
i
n
)2
− D − 2
12
∞∑
n=1
αi−nα
i
n +
(D − 2)2
242

 (2.14)
= − pi
2
2TR3
[
∞∑
n=1
αi−nα
i
n −
(D − 2)
24
]2
,
and one can see that this doesn’t lift the degeneracy between states in the same
level1. The leading corrections to energy levels take the simple form
E1n = −
pi2
2TR3
[
n− (D − 2)
24
]2
, (2.15)
1It would be interesting to understand in the static gauge how the full Nambu-Goto Hamiltonian
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in agreement with (6.1) in [1] and with the long string expansion of the Nambu-Goto
open string energy levels [7] (up to the constant TR term, which we ignored in our
work) :
En =
√
(TR)2 + 2piT
(
n− D − 2
24
)
(2.16)
≈ TR + pi
R
(
n− D − 2
24
)
− pi
2
2TR3
[
n−
(
D − 2
24
)]2
+O
(
1
R5
)
.
2.2 The corrections from the c4 term
We now compute the leading corrections to the energy levels coming from S4, which
will give a O (1/R5) contribution to the energy levels. These are the leading cor-
rections to Nambu-Goto energy levels from bulk terms; we will discuss the leading
corrections from boundary terms in the next subsection. The S4 term may be written
in Minkowski space as
S4 = −
∫
d2σ c4
(
∂20X
i∂20X
i − 2∂0∂1X i∂0∂1X i + ∂21X i∂21X i
) (
∂1X
j∂1X
j − ∂0Xj∂0Xj
)
.
(2.17)
Note that our action now includes terms with higher time derivatives, so we seem
to get new degrees of freedom at high energies, but these lie outside the low-energy
approximation so we can ignore them. However, we still need to get rid of terms with
higher time derivatives in order to use the Hamiltonian formalism. We can do this
by adding to the action terms proportional to the equation-of-motion; this does not
modify the energy levels, since these terms can be canceled by a field redefinition.
Thus, we can use the (full) equation-of-motion to replace in our Hamiltonian
∂20X
i → ∂21X i + c2,3∂4X3 · · · . (2.18)
Up to the order in the derivative expansion that we work in, we can just keep the first
term (the free equation-of-motion). This gives us the Hamiltonian (not forgetting
the correction to the conjugate momentum Πi from the c4 term) :
H4 = −2c4
∫ R
0
dσ1
(
∂21X · ∂21X − (∂1Π)2
) (
Π2 − (∂1X)2
)
. (2.19)
Repeating the procedure of the previous subsection, keeping again only terms
that do not change the energy which is all we need to first order in c4, we get the
gives rise to the expected energy levels (2.16), and does not lift the degeneracies coming from the free
Hamiltonian. One may guess that this would happen by having the full Nambu-Goto Hamiltonian
be a function just of (
∑
α
−n · αn), but this is not true already for H2 +H3 when we look at the
off-diagonal terms, so it is clear that the eigenstates of the full Nambu-Goto Hamiltonian differ
from those of the free theory.
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normal-ordered Hamiltonian in terms of creation and annihilation operators :
Hd4 = −
c4pi
4
R5
{
∞∑
m,n=1
mn
[−4αi−mαi−nαjmαjn + 4αi−mαj−nαimαjn]+ ∞∑
n=1
4n3 (D − 3)αi−nαin
}
.
(2.20)
For the open string this gives us the following corrections to the energy levels (E2n,i
now denotes the O (1/R5) correction) :
|n, i〉 E2n,i
|0〉 0
|1〉 −4c4 pi4R5 (D − 3)
|2, 1〉 0
|2, 2〉 −64c4 pi4R5 (D − 3)
|2, 3〉 −16c4 pi4R5 (D − 2)
Note that the degeneracy between different states at the same level is lifted, but
there is no correction to the ground state energy.
2.3 Corrections to energy levels from boundary terms
As mentioned above, the leading allowed boundary term for Dirichlet boundary con-
ditions is :
S ′2 = b2
∫
d2σ [δ (σ1 −R) + δ (σ1)] (∂0∂1X · ∂0∂1X) . (2.21)
Repeating our procedure with this interaction term gives the Hamiltonian (keep-
ing only zero energy terms) :
(H′2)d = −b2
pi3
R4
(
4
∞∑
n=1
n2αi−nα
i
n +
D − 2
60
)
, (2.22)
which gives the following contributions to the energy levels :
|n, i〉 E ′1n,i
|0〉 −b2pi3
R4
D−2
60
|1〉 E ′10 − 4b2 pi
3
R4
|2, 1〉 E ′10 − 8b2 pi
3
R4
|2, 2〉 E ′10 − 32b2 pi
3
R4
|2, 3〉 E ′10 − 8b2 pi
3
R4
As mentioned above, for large R these are the leading corrections to the Nambu-Goto
energy levels if b2 6= 0. In this case there is a non–zero correction also to the ground
state energy, and again we see that some of the degeneracy is lifted.
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2.4 Corrections to average energy
In order to verify the consistency of our results, we can compare our results to the
partition function of the effective string theory on the annulus [1, 2, 4]. This partition
function, in the open string channel, does not include all the information about the
energy levels, but it includes the averaged energy at each level of the free theory,
[En] ≡
∑
i
ωn,i
ωn
En,i.
To compute the partition function we work in Euclidean space and compactify
the σ0 (X
0) direction with period L. The partition function on the annulus may be
written in the open-string channel as :
Zopen,annulus =
∑
n,i
ωn,ie
−En,i(R)L. (2.23)
By expanding in orders of 1/R, we can identify the corrections arising from each
term in the action. Considering first the bulk action, we have up to the order we
work in :
Zopen,annulus =
∑
n
ωne
−E0n(R)L
[
1− L [E1n,i]+ 12L2
[(
E1n,i
)2]− L [E2n,i]
]
(2.24)
= Z0
[
1− 〈S2,3〉+ 1
2
〈
(S2,3)
2〉− 〈S4〉
]
.
The 〈Si〉’s were given in [1, 2] in terms of Eisenstein series of q = e−pi LR . By equating
the different coefficients of qn we can relate the average energy shifts to the 〈Si〉’s. We
can extract the c4 corrections by looking at 〈S4〉 in the partition function approach :
[Eopen,c40 ] = 0,
[Eopen,c41 ] = −4c4
pi4
R5
(D − 3) , (2.25)
[Eopen,c42 ] = −4c4
pi4
R5
1
ω2
(D − 2) (D − 3) (16 +D) .
By summing over the state degeneracies (with ω2 ≡
∑
i ω2,i) we obtain from our
results in section 2.2 exactly the same corrections as (2.25).
The same can be done for the boundary term (2.21), whose effect on the partition
function was computed in [4]; the partition function gives :[
Eopen,b20
]
= −b2pi
3
R4
D − 2
60
,[
Eopen,b21
]
= −4b2 pi
3
R4
+ Eopen,b20 , (2.26)[
Eopen,b22
]
= −4b2 pi
3
R4ω2
(D − 2) (D + 7) + Eopen,b20 ,
which are again identical to the weighted averaged corrections one calculates from
our results in section 2.3.
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3. Closed string energy levels
We now turn to the closed string states, compactifying σ1 (X1) with period r. The
mode expansion now takes the form (ignoring the zero modes, since we can focus on
states with zero transverse momentum) :
X i(σ1) =
i
2
√
pi
∑
n 6=0
1
n
[
αine
−i
2pinσ1
r + α˜ine
i
2pinσ1
r
]
,
Πi(σ1) =
√
pi
r
∑
n 6=0
[
αine
−i
2pinσ1
r + α˜ine
i
2pinσ1
r
]
. (3.1)
Note thatX i is now expanded in the modes αin−α˜i−n, and Πi is expanded in αin+α˜i−n,
so that the two operators have independent expansions as before. The commutation
relation of X and Π now implies (if we assume also a worldsheet parity symmetry
exchanging αin with α˜
i
n) [α
i
n, α
j
m] = [α˜
i
n, α˜
j
m] = nδn,−mδ
ij, [αin, α˜
j
m] = 0.
In terms of this mode expansion, using the same ordering prescription and reg-
ularization as in the previous section, and using the physical values of c2 and c3, the
c2,3 Hamiltonians give us the following correction to the free Hamiltonian at leading
(1/r3) order (keeping again just the zero-energy terms) :
Hd2,3 = −
pi2
2Tr3
[
(D − 2)2
62
− 4 (D − 2)
6
∞∑
n=1
(
αi−nα
i
n + α˜
i
−nα˜
i
n
)
+ 16
∞∑
n,m=1
αi−nα
i
nα˜
j
−mα˜
j
m
]
.
(3.2)
This agrees with the leading correction to the Nambu-Goto energy levels; if we
denote by NL the level of the left-moving oscillators α˜n, and by NR the level of the
right-moving oscillators αn, the full Nambu-Goto answer takes the form
ENL,NR(r)
2 = (Tr)2 + 4piT
(
NL +NR − D − 2
12
)
+
(
2pi(NL −NR)
r
)2
, (3.3)
and expanding this in powers of 1/r reproduces the result from (3.2).
The zero-energy terms in the first correction to Nambu-Goto for closed strings
H4 now take the form
Hd4 =
128pi4
r5
c4
∑
m,n 6=0
mnαinα
j
−nα˜
i
mα˜
j
−m. (3.4)
Repeating our ordering and regularizing procedure gives
Hd4 =
128pi4
r5
c4
∞∑
m,n=1
mn
(
αj−nα
i
n − αi−nαjn
) (
α˜j−mα˜
i
m − α˜i−mα˜jm
)
. (3.5)
This Hamiltonian looks like a spin-spin interaction between the left and right movers,
and it’s clear that pure-left or pure-right states will get no energy contribution;
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therefore we treat only the mixed states in this calculation. We also note that in
D = 3, H4 = 0 identically (as expected, since the c4 term is a total derivative in
this case). We annotate the lowest states containing both right- and left-movers as
follows :
|n, i〉 State Degeneracy ωn,i
|2, 1〉 αk−1α˜k−1 |0〉 1
|2, 2〉
(
αk−1α˜
l
−1 + α
l
−1α˜
k
−1 − 2δ
kl
D−2
αj−1α˜
j
−1
)
|0〉 1
2
D(D − 3)
|2, 3〉 (αk−1α˜l−1 − αl−1α˜k−1) |0〉 12(D − 2)(D − 3)
Then, the leading order contribution of H4 to the energy levels is
|n, i〉 E2n,i
|2, 1〉 E (D − 3)
|2, 2〉 −E
|2, 3〉 E
,
with E ≡ 256pi4c4/r5, and with no correction to lower states or to other states at
level 2.
3.1 Corrections to average energy
We can now compare our results to both partition functions considered in [2] – the
torus and the annulus. For the torus it was shown that there is no contribution to
the closed string averaged energy at leading order in c4 (for any D). We can check
this by calculating from the results above[
Eclosed,c42
]
=
∑
i
ω2,i
ω2
E22,i = 0. (3.6)
For the annulus, among the level 2 states, only the singlet state |2, 1〉 = αk−1 ˜αk−1 |0〉
has an overlap with the boundary, so we expect
[
Eannulus,c42
]
= E22,1. Indeed, [2]
showed (by expanding the partition function in powers of q˜ann. = e−
4piL
r ) that
[
Eannulus,c42
]
=
256pi4
r5
c4 (D − 3) , (3.7)
which is in agreement with E22,1 found above.
3.2 Higher-order contributions to the closed-string ground-state energy
As we saw, the c4 term doesn’t contribute at linear order to the ground-state energies,
nor to any states for D = 3, so it is interesting to look for the leading corrections to
these states. In the closed string case, due to the commutativity of the left and right
operators, we can easily calculate the contributions to the ground-state energy due to
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higher derivative terms. Introducing light-cone coordinates for convenience, defined
by σ± = (σ0 ± σ1) /
√
2, we consider two possible terms that are not part of the
derivative-expansion of the Nambu-Goto action, and that can appear at 8-derivative
order O (1/r7) :
S9 ≡ c9
∫
∂2+X
i∂2+X
i∂2−X
j∂2−X
jd2σ, (3.8)
S10 ≡ c10
∫
∂2+X
i∂2−X
i∂2+X
j∂2−X
jd2σ.
In the spirit of [2] we can show that these two terms are the only possible ∂8X4
terms one can write, up to terms which contain the equation-of-motion. Note that
the two terms coincide (but are non-zero) in D = 3. One may think that there are
also ∂8X6 and ∂8X8 terms which contribute at the same order O (1/r7), but in fact
using Lorentz invariance one can show that the former terms do not exist for D = 3,
and are related to the c4 term for D > 3, while the latter terms must be equal to
their values in the Nambu-Goto action [3]. In fact, Lorentz invariance of the c4 term
imposes that up to 8-derivative order the ∂6X4 and ∂8X6 terms are
S4 = 4c4
∫
d2σ∂2+X
i∂2−X
i
[
∂+X
j∂−X
j +
1
T
(
∂+X
j∂−X
j
)2
+
1
T
∂+X
j∂+X
j∂−X
k∂−X
k
]
.
(3.9)
Inspecting the new terms (3.9) shows that they do not contribute to the ground-state
energy, as their Hamiltonian contains 3 left-movers and 3 right-movers.
Repeating our normal ordering procedure we get contributions to the ground-
state energy :
Eclosed,c90 = c9
4
152
pi6
r7
(D − 2)2 , (3.10)
Eclosed,c100 = c10
4
152
pi6
r7
(D − 2) .
For D = 3 these are the only contributions at O(1/r7). For D > 3 there could
have been additional contributions at this order proportional to c4c2,3, but it seems
that they cancel out between second order perturbation theory and first order per-
turbation theory using terms in the Hamiltonian whose coefficients are proportional
to c4c2,3, so that (3.10) gives the leading corrections to the ground state energy in
all dimensions. The same terms (3.8) should also give the leading correction to the
Nambu-Goto energy levels for excited states for D = 3.
Note that at least the c10 term is expected to be arbitrary (unconstrained by
Lorentz symmetry), since it could come from a
∫ √
hR2 term – hαβ being the induced
metric and R its scalar curvature – in the un-gauge-fixed effective string action, and
this generically contains all terms permitted by symmetry.
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4. Comparison to lattice results
Our results above apply to any effective string theory; of course the coefficients that
are not determined by Lorentz invariance are expected to be different in different
theories. It would be nice to compare the results above to analytic results for solitonic
strings (where the effective action can be computed perturbatively), but as far as
we know the relevant computations have not yet been performed. Alternatively,
we can try to match our results to numerical simulations of strings, which have
been performed both in the context of confining gauge theories in 2 + 1 and 3 + 1
dimensions, and for domain walls in 2 + 1 dimensional theories. Unfortunately,
almost all of these simulations are not precise enough to see any deviations from the
Nambu-Goto energy levels; moreover, we expect the radius of convergence of the 1/r
expansion that we are working in to be of order rc
√
T =
√
4pi (NL +NR − 1/6) 2,
and almost all simulations are performed for smaller values of r where a comparison
to our results is not expected to be meaningful 3.
Recently, a deviation from the Nambu-Goto energy levels was reported for some
specific closed string states in lattice simulations of 3 + 1 dimensional SU(N) Yang-
Mills theory [5, 6], which calculated the spectrum for the low levels of a closed
flux-tube wrapping a compact dimension4. Almost all the results there are still for
smaller radii than the expected radius of convergence, but nevertheless we can try
to see if the results there are consistent with the expected deviations. The lattice
results are most precise for the lightest state with given quantum numbers.
As discussed above, for closed strings in D = 4 the leading shifts from Nambu-
Goto for excited states are expected to come from H4. In order to compare these
to the simulations, let us discuss in more detail the quantum numbers that can be
identified on the lattice for D = 4. NL and NR cannot be measured directly on the
lattice, but their difference, q = NL −NR which is the longitudinal momentum, can
be measured. The lattice breaks the SO(2) transverse rotation group to Z4, but the
angular momentum in this plane modulo 4 can still be identified. Thus, it is useful
to use a basis of states which diagonalizes the transverse spin J = J23,
α±n ≡
α2 ± iα3√
2
, α˜±n ≡
α˜2 ± iα˜3√
2
, (4.1)
such that the spin of these states is J23α±−n |0〉 = ±α±−n |0〉, J23α˜±−n |0〉 = ±α˜±−n |0〉.
The new operators obey the commutation relations [α, α˜] = 0, [α±n , α
±
m] = 0, and
2This is estimated from the Nambu-Goto expression for the closed string energy levels, using
the radius of convergence λc = 1/x of the Taylor series of
√
1 + λx around λ = 0.
3One exception is [8, 9, 10, 11, 12], where a deviation from the Nambu-Goto energy levels is
reported, but this deviation seems to be at a lower order in 1/r than the one predicted by Lorentz
invariance; the source of this discrepancy is not clear.
4See [13] for a review with references of previous work on this topic.
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[α+n , α
−
m] = nδn,−m, and the same for the left-movers. In terms of these, H4 takes the
form
H4 = −E
∞∑
m,n=1
mn
(
α−−nα
+
n − α+−nα−n
) (
α˜−−mα˜
+
m − α˜−−mα˜+m
)
, (4.2)
and the lowest states whose energies get a correction to their Nambu-Goto value are
(denoting n = NL +NR, J = J
23) :
|n, q, J〉 State E2n,q,J
|2, 0, 0〉 α˜+−1α−−1 |0〉 E
|2, 0, 2〉 α˜+−1α+−1 |0〉 −E
|3, 1, 0〉 α˜+−2α−−1 |0〉 4E
|3, 1, 1〉 α˜+−1α˜+−1α−−1 |0〉 2E
|3, 1, 1〉′ α˜+−1α˜−−1α+−1 |0〉 0
|3, 1, 2〉 α˜+−2α+−1 |0〉 −4E
|3, 1, 3〉 α˜+−1α˜+−1α+−1 |0〉 −2E
.
Here, as above, E = 256pi4c4/r5. The most prominent feature of these corrections is
the splitting between different states in each level. Note that we omitted some states
which are related by parity transformations (to be described below) to the states we
wrote, as they get the same correction.
Two useful parity operators used in [5, 6] to classify the states are P⊥ and
P‖. P⊥ is a reflection about the X
2 axis, which takes α2 → −α2 or α± → −α∓,
and P‖ is the parity operator which takes left → right. Using P⊥ one can take
J states into (−J) states, and since [P⊥,H4] = 0 the negative J states will be
degenerate with the ones we wrote. Thus, in the continuum theory, P⊥ is only a
useful quantum number for states with J = 0, and our leading order correction does
not distinguish between J = 0 states with different values of P⊥. Note, however, that
in the lattice computation J is only well-defined modulo 4, so states with J = ±2
can also form combinations with well-defined eigenvalues for P⊥ (however, these
must be degenerate in the continuum limit). Similarly, P‖ is a worldsheet parity
transformation, exchanging α with α˜ and taking q → −q (it also obeys [P‖,H4] = 0).
Thus, it is only a useful quantum number for q = 0 states.
Note that for q = 0 the only state which is lower than the ones presented in the
table above is the NL = NR = 0 ground state with J = 0, P⊥ = P‖ = +, so three of
the four states with n = 2 are the lightest states in their sector. Similarly, for q = 1
the only lighter states are the NL + NR = 1 states with J = 1, so the states with
J = 0, 2 are the lightest states in their sector and can be measured precisely on the
lattice.
The results of [5, 6] show that even for rather small values of r (where the 1/r
expansion is not expected to converge) almost all states agree very well with the
Nambu-Goto formula for the energy levels, except for two states (one with q = 0
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Figure 1: The expected energy levels, and the ones computed in lattice simulations of
SU(3) gauge theory [6], for level 2 with q = 0 (NL = NR = 1), and level 3 with q = 1
(NL = 2, NR = 1). The discrete points are the lattice results from [6], annotated as
(|J |, P⊥, P‖) for q = 0 and as (|J |, P⊥) for q = 1; the solid lines are the corresponding
Nambu-Goto energy levels, and the other lines include the shifts we calculated from H4
(for the lightest n = 2, 3 state with the given quantum numbers), using the specific value
c4 = (D − 26)/192pi2T 2. The vertical line is the expected radius of convergence for each
level, we expect a matching only for points that are well to the right of this line.
and one with q = 1) that are the lightest states with JP⊥ = 0−. These states show
a large deviation from Nambu-Goto for small values of r where the 1/r expansion
does not converge; it is difficult to measure them at larger values of r, and so far
measurements for values of r that are above the expected radius of convergence of
the 1/r expansion show no meaningful deviation from the Nambu-Goto value (but
they are also consistent with the expected deviations based on our results).
At the level of the leading deviation computed above, there is no difference
between the 0− states and the other states, because as we saw the splitting is only
J-dependent. There are thus two possible interpretations of the results of [5, 6]. One
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possibility is that when we sum the 1/r expansion (including all corrections coming
from the c4 term and all terms related to it by Lorentz symmetry, and perhaps
including additional corrections as well) we will find a very small deviation for almost
all states, but a large deviation for the 0− states. Another possibility discussed in
[6] is that the deviation of the 0− states from Nambu-Goto is related to a massive
particle with 0− quantum numbers on the worldsheet; for large values of r we would
expect such a massive particle to mix strongly with the massless modes and to decay
almost immediately, but for small enough values of r this particle is lighter than the
lightest state with the same quantum numbers made from the massless modes, so
there could be a state which is dominantly made from this massive particle, and thus
exhibits a large mismatch from the Nambu-Goto expectations.
The results so far are not precise enough to distinguish between these possibili-
ties; it would be nice to have more accurate lattice results, and to be able to sum the
1/r expansion (at least for some of the corrections) to increase its range of validity.
Nevertheless, to illustrate the issue we show in figure 1 both the aforementioned lat-
tice results, and the expected energy levels computed in our 1/r expansion (which
are meaningful only far to the right of the vertical line in the figure, which is the
estimated radius of convergence of the 1/r expansion). For the theoretical results
we chose the value c4 = (D − 26) /192piT 2, because the results of [3] imply that it
is the universal value for consistent effective string actions, even though it is not yet
known how to see this directly in the static gauge. From the figure it is clear that
the present data can be matched smoothly to the large r theoretical results, but it is
certainly also possible that it comes from a massive state which is not captured by
the effective string theory.
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